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ON MULTIVARIATE MATSAEV’S CONJECTURE
SAMYA KUMAR RAY
Abstract. In this article, we study multivariate generalizations of the Matsaev’s conjecture
in commutative and non-commutative Lp-spaces.We prove that the multivariate analogue of
Matsaev’s conjecture is eventually false for all 1 < p < ∞. We exhibit various joint dilation
results on non-commutative Lp-spaces.
1. Introduction and Main Results
In 1950, von Neumann [vN50] proved that if T is a contraction on a Hilbert space and P is
any polynomial in a single variable, then
‖P (T )‖ ≤ ‖P‖∞,D,
where for any complex polynomial P in n variables, and any K ⊆ Cn, we define ‖P‖∞,K :=
sup{|P (z1, . . . , zn)| : (z1, . . . , zn) ∈ K}. The von Neumann inequality has turned out to be one
of the most important operator theoretic tools (see [SzF70]). The popular way of proving the
von Neumann inequality is through the dilation theory, which ensures that any contraction on
a Hilbert space always admits a unitary dilation (see [PA02] Chapter 3 and [SzF70] Chapter
1). Ando’s dilation theorem [AN63] readily implies that the von Neumann inequality holds true
for two commuting contractions. Unfortunately, the von Neumann inequality fails to be true
in general. In 1974, Varopoulos [VA74] used sophisticated probabilistic tools combined with
techniques from the metric theory of tensor product to show that the von Neumann inequality
does not generalize to arbitrary number of commuting contractions. In the end of the same
paper, together with Kaijser ([VA74]), he constructed an explicit example of three commuting
contractions T1, T2, T3 on a five dimensional complex Hilbert space and a polynomial P of degree
two such that
‖P (T1, T2, T3)‖ > ‖P‖∞,D3 .
For more on the von Neumann inequality and counterexamples, we recommend the readers
[BAB13], [SzF70], [GUR16], [CRD75], [KN16], [DR83]), [TO78] and [HO01].
In 1966, V. I. Matsaev (see [NI74]) proposed following possible generalization of the von
Neumann inequality on Lp-spaces, 1 ≤ p ≤ ∞, which is, given any contraction T on a σ-finite
Lp-space, and any polynomial P in a single variable
‖P (T )‖ ≤ ‖P (R)‖ℓp(N)→ℓp(N),
where R is the right shift operator on ℓp(N), defined as R(x1, x2, x3, . . . ) := (0, x1, x2, x3, . . . ).
The above mentioned proposition is renowned to be the Matsaev’s conjecture (see [PI01], Page
no. 30). Due to existence of isometric dilation, the conjecture remains true for contractions
which admit a contractive positive majorant. However, Drury [DR11] exhibited an explicit
counterexample for p = 4. We refer the reader [AKS77], [COW76], [CORW77], [PE76]–[PE85]
for more information in this direction. Also, we recommend [AR13] for generalizations in the
setting of non-commutative Lp-spaces and [FE97] for semigroups. We also recommend [LE99],
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[FA15] for another formulation of the Matsaev’s conjecture in connection with analytic semigroup
and functional calculus and [ARL14], [AR16], [ARK17] [ARFL17] for many results associated
to the Matsaev’s conjecture and dilations on commutative and non-commutative Lp-spaces.
In this paper, we consider the Matsaev’s conjecture in various multivariate settings. We need
the following notations.
Suppose w = (wi1,...,in)ij∈N is a sequence of positive real numbers and X is a Banach space.
Let us define
ℓp(w,X) :=
{(
xi1,...,in
)
ij∈N : xi1,...,in ∈ X,
∑
ij∈N
∥∥xi1,...,in∥∥pXwi1,...,in <∞},
with norm defined as
∥∥(xi1,...,in)∥∥ℓp(ω,X) := (∑ij∈N ∥∥xi1,...,in∥∥pXwi1,...,in) 1p .
If wi1,...,in = 1 for all ij ∈ N, 1 ≤ j ≤ n, we denote the Banach space by ℓp(Nn,X). We denote
the Banach spaces ℓp(ω,C) and ℓp(N
n,C) by ℓp(ω,N
n) and ℓp(N
n) respectively. Let Lp(Ωi,Fi, µi)
be σ-finite measure spaces, 1 ≤ i ≤ n. We define the Banach space
⊕ni=1Lp(Ωi,Fi, µi) =
{
(f1, . . . , fn) : fi ∈ Lp(Ωi,Fi, µi), 1 ≤ i ≤ n
}
with the norm as
∥∥(f1, . . . , fn)∥∥⊕ni=1Lp(Ωi,Fi,µi) := (∑ni=1 ∥∥fi∥∥pLp(Ωi,Fi,µi)) 1p .
Definition 1.1 (Right shift operators on ℓp(w,X)). For 1 ≤ j ≤ n, the j-th right shift operator
on ℓp(w,X) is denoted as Rj and is defined by
(Rj(x))i1,...,ij ,...,in :=
{
0, ij = 1
xi1,...,ij−1,...,in , ij > 1,
where x =
(
xi1,...,in
)
ij∈N ∈ ℓp(w,X).
Definition 1.2 (Left shift operators on ℓp(w,X)). For 1 ≤ j ≤ n, the j-th left shift operator
on ℓp(w,X) is denoted as Sj and is defined by (Sj(a))i1,...,ij ,...,in := ai1,...,ij+1,...,in .
For any n-tuple of operators T = (T1, . . . , Tn) on a Banach space X, we define P (T) :=
P (T1, . . . , Tn) where P is a polynomial in n-variables. Unless specified, we shall always work
with σ-finite measure spaces and consider 1 < p <∞.
Definition 1.3 (n-Matsaev property). Let T = (T1, . . . , Tn) be a commuting tuple of con-
tractions on Lp(Ω,F, µ). We say that the tuple T has n-Matsaev property if for all complex
polynomials P in n variables,
‖P (T)‖Lp(Ω,F,µ)→Lp(Ω,F,µ) ≤ ‖P (R)‖ℓp(Nn)→ℓp(Nn),
where R = (R1, . . . , Rn) is the n-tuple of right shift operators on ℓp(Nn) as in Definition 1.1.
From well-known transference principle due to Coifman -Weiss [COW76], one can easily show
that any commuting n-tuple of onto isometries has n-Matsaev property. Assuming Ando’s
dilation theorem [AN63], this gives an alternative proof of the von Neumann inequality in
two commuting contractions on L2(Ω). In Section (2), we show that any n-tuple of commuting
isometries (not necessarily onto) acting on Lp-space, has n-Matsaev property. However, adapting
Peller’s [PE78] proof, we have following general theorem.
Theorem 1.4. Let U = (U1, . . . , Un) be commuting tuple of isometries (not necessarily onto)
on Lp(Ω,F, µ) . Suppose w = (wi1...,in) is a sequence of positive real numbers indexed by N
n with
the following properties:
(1) wi1,...,in ≥ 1 for all ij ∈ N, 1 ≤ j ≤ n.
(2) For each 1 ≤ j ≤ n, supij ,1≤j≤n
wi1,...,ij+1,...,in
wi1,...,ij ,...,in
:=Mj is finite.
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Then for any polynomial P in n variables,
‖P (U)‖Lp(Ω,F,µ)→Lp(Ω,F,µ) ≤ ‖P (R)‖ℓp(w,Nn)→ℓp(w,Nn),
where R = (R1, . . . , Rn) are right shift operators on ℓp(w,Nn), defined as in (1.1).
In this section, we also prove that the multivariate analogue of Matsaev’s conjecture fails.
More precisely, we establish the following. For a fixed 1 < p < 2, Cp(n) denote the set of all
commuting tuple of contractions on some Lp-space. The set of all homogeneous polynomials in
n-variables of degree at most k is denoted by Ck[z1, . . . , zn]. Let Cp(k, n) denote the quantity
sup{‖P (T)‖Lp→Lp : T ∈ Cp(n), ‖P (R)‖ℓp(Nn)→ℓp(Nn) ≤ 1}
and Cp(n) = supk Cp(k, n). Our main theorem is the following. Let G denote the standard
complex Gaussian random variable.
Theorem 1.5. Let 1 < p < 2 and k ≥ 3. Then, there exists a constant D ≤ 8, such that
Cp(k, n) ≥
(
(E|G|p′)− 1p′
)k
(
1
k
(
n
k − 1
)
(1− o(1)))1− 1p (D
√
n log k)
2(1− 1
p
)
Clearly, for k ≥ 3, limk→∞Cp(k, n) = ∞. Our approach goes back to [VA74], [DI76] and the
recent paper [GAMS15], where the authors used combinatorial and probabilistic techniques to
study the asymptotic properties of constant C2(k, n). For k = 2, we prove the following theorem.
Theorem 1.6. Let 1 < p < 2 be such that 129
1
p′
(
E|G|p′) 1p′
)−2
> 1. Then, we have the estimate
lim
k→∞
Cp(2, k(k − 1)) > 1.
In this case, we use some explicit examples which were constructed in [FIR94] for studying
Bell inequalities. We combine this examples with some of the techniques developed in [GUR16]
to obtain the required result. However, we refer the recent paper [MOR19] for functional calculus
inequalities on Lp-spaces associated to Ritt operators which are positive contractions.
In Section (3), we discuss generalizations in the case of non-commutative Lp-spaces and
semigroups. To state our results, we recall the basics of non-commutative Lp-spaces. For more
on non-commutative Lp spaces, we refer [PIQ03]. Let M be a semifinite von Neumann algebra
equipped with a faithful normal semifinite trace τ . Suppose M˜ is the linear span of set of all
positive elements such that τ(x)<∞. For 1 ≤ p <∞, we define the non-commutative Lp-space
Lp(M ) is to be the completion of M˜ with respect to the norm ‖x‖Lp(M ) := τ(|x|p)
1
p . One sets
L∞(M ) = M . In particular for any Hilbert space H if we denote M = B(H) and τ to be
the usual trace then the corresponding non-commutative Lp-spaces are known to be Schatten-p
classes and are denoted by Sp(H), 1 ≤ p < ∞. Let I be an indexing set. Then for H = ℓ2I , the
corresponding Shatten classes are denoted by SIp for 1 ≤ p <∞. We simply write SNp = Sp. For
any Banach space X and P ∈ C[z1, . . . , zn], let us define ‖P‖p,X := ‖P (S)⊗ IX‖ℓp(Nn,X), where
S is the n-tuple of left shift operators on ℓp(Nn).
Definition 1.7 (non-commutative n-Matsaev property). Suppose 1 < p < ∞, p 6= 2. A
commuting tuple of contractions T = (T1, . . . , Tn) on L
p(M ) is said to have non-commutative
n-Matsaev property if
‖P (T)‖Lp(M )→Lp(M ) ≤ ‖P‖p,Sp
for all polynomials P ∈ C[z1, . . . , zn].
It is known that Akcoglu’s dilation theorem does not have a non-commutative analogue
[JUL07]. This is a striking difference in the non-commutative universe. Also, till now it is
not known if a multivariate analogue of Akcoglu’s dilation theorem is true in the commutative
setting. However, in [AR13], the author obtained a dilation theorem for a large class of unital
4 SAMYA KUMAR RAY
completely positive Schur multipliers and Fourier multipliers on discrete group. In this paper,
we show that a joint dilation theorem still holds for these class of operators. To state our results,
we recall the definition of Schur multipliers. Let MI denotes set of all matrices indexed by I× I.
Definition 1.8. A matrix A ∈ MI is called a Schur multiplier on SIp if and only if the linear
map MA : Dom(MA) ⊆ B(ℓ2I) → B(ℓ2I) defined as MA((bi,j)i,j∈I) := (ai,jbi,j)i,j∈I extends to a
bounded linear operator from SIp to S
I
p , where 1 ≤ p <∞.
We refer [PA02] for more on Schur multipliers. We prove following joint dilation theorem.
Theorem 1.9. Let MAi be unital completely positive Schur multipliers on B(ℓ
2
I) associated with
real matrices Ai, 1 ≤ i ≤ n. Then there exists a hyperfinite von Neumann algebra M equipped
with a semifinite normal faithful trace τ, a commuting tuple (U1, . . . , Un) of unital trace pre-
serving ∗-automorphisms on M , a unital trace preserving one-to-one normal ∗-homomorphisms
J : B(ℓ2I) → M such that Mk1A1 . . .MknAn = EU
k1
1 . . . U
kn
n J, for all integers ki ≥ 0, 1 ≤ i ≤ n
where E : M → B(ℓ2I) is the canonical normal faithful trace preserving conditional expectation
operator associated with J.
As a consequence, it follows that for 1 < p < ∞, the commuting tuple of unital com-
pletely positive Schur multipliers (MA1 , . . . ,MAn) on S
I
p , induced by real matrices Ai’s has
non-commutative n-Matsaev property.
Let G be a discrete group. Suppose g 7→ λ(g) : ℓ2G → ℓ2G is the left regular representation of
G and group V N(G) is the group von Neumann algebra.
Definition 1.10 (Fourier multiplier on V N(G)). A Fourier multiplier of V N(G) is a normal
linear map M : V N(G) → V N(G) such that there exists a function t : G → C for which
M(λ(g)) = tgλ(g) for all g ∈ G.
We prove the following joint dilation theorem for Fourier multipliers.
Theorem 1.11. Let G be a discrete group and Mti be unital completely positive Fourier multi-
pliers on V N(G), where ti : G → C are real functions for 1 ≤ i ≤ n. Then there exists a von
Neumann algebra M equipped with a normal semifinite faithful trace, a commuting tuple of uni-
tal trace preserving ∗-automorphisms (U1, . . . , Un) on M and a unital normal trace preserving
one-one ∗-homomorphism J : V N(G)→M such that
Mk1t1 . . .M
kn
tn = EU
k1
1 . . . U
kn
n J,
for all integers ki ≥ 0, 1 ≤ i ≤ n, where E :M→ V N(G) is the canonical faithful normal trace
preserving conditional expectation operator associated with J.
We also establish a joint dilation theorem for multi-parameter semigroup of completely posi-
tive Schur multipliers, extending the dilation theorem in [AR13] in multivariate setting.
2. n-Matsaev Property on commutative Lp spaces
In this section, we generalize the Matsaev’s conjecture in the multivariate setting and show
that it fails to be true for some commuting tuple of contractions. We also show that the
conjecture holds to be true for commuting tuple of isometries.
We recall notion of Fourier multipliers for locally compact abelian groups.
Definition 2.1 (Fourier multipliers). Let G be a locally compact abelian group with its dual
group Ĝ. For 1 ≤ p ≤ ∞, a bounded operator T : Lp(G)→ Lp(G) is called a Fourier multiplier,
if there exists a φ ∈ L∞(Ĝ), such that we have T̂ f = φf̂ , for any f ∈ L2(G) ∩ Lp(G).
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We denote such an operator T by Mφ. We represent the set of all Fourier multipliers on G by
Mp(G). For more on multiplier theory on locally compact abelian groups, we recommend the
reader [LA71].
Let P ∈ C[z1, . . . , zn] be a polynomial in n variables. Then, by the properties of multipliers
and easy calculations, it would imply ‖P (R)‖ℓp(Nn)→ℓp(Nn) = ‖P (S)‖ℓp(Nn)→ℓp(Nn) = ‖P‖Mp(Zn)
and ‖P (R)‖ℓp′ (Nn)→ℓp′ (Nn) = ‖P (S)‖ℓp′ (Nn)→ℓp′(Nn) = ‖P‖Mp′ (Zn) = ‖P‖Mp(Zn), where 1p+ 1p′ = 1.
Proof of Theorem 1.4:
Proof. Let Rj be the j-th right shift operator on ℓ
p′(w,Lp
′
(Ω,F, µ)), 1 ≤ j ≤ n. Suppose
F = (fi1,...,in) is an element of ℓ
p′(w,Lp
′
(Ω,F, µ)). By the properties of the weight w, we have
the following observation
‖RjF‖p
′
ℓp′(w,Lp′(Ω,F,µ))
≤Mj‖F‖p
′
ℓp′ (w,Lp′(Ω,F,µ))
.
Thus Rj becomes a bounded operator for each j, 1 ≤ j ≤ n. We observe that as Banach
spaces (ℓp
′
(w,Lp
′
(Ω,F, µ)))∗ ∼= ℓp(v, Lp(Ω,F, µ)), where v = (vi1,...,in) is a sequence of positive
real numbers indexed by Nn and for each ij ∈ N, 1 ≤ j ≤ n, vi1,...,in = wi1,...,in−
p
p′ , where
1
p +
1
p′ = 1. We have the duality relationship between the Banach spaces, which is given by
〈F,G〉 := ∑ij ∫Ω fi1,...,ingi1,...,in , where F = (fi1,...,in) is an element of ℓp(v, Lp(Ω,F, µ)) and
G = (gi1,...,in) is in ℓ
p′(w,Lp
′
(Ω,F, µ)). Thereafter for each j, 1 ≤ j ≤ n, let us consider
the adjoint operator R∗j : ℓ
p(v, Lp(Ω,F, µ)) → ℓp(v, Lp(Ω,F, µ)). It is not hard to check that
R∗j (F ) = (fi1 , . . . , fij+1, . . . , fin), where F = (fi1,...,in) is in ℓ
p(v, Lp(Ω,F, µ)). We choose a
positive real number λ in (0, 1) and define Vi = λUi, 1 ≤ i ≤ n. Now if we consider the operator
W : Lp(Ω,F, µ))→ ℓp(v, Lp(Ω,F, µ)), Wf = (V i1−11 · · · V in−1n f), then one can see that
‖Wf‖pℓp(v,Lp(Ω,F,µ)) =M‖f‖pLp(Ω,F,µ),
where M :=
∑
ij
wi1,...,in
− p′
p λp((i1+···+in)−n). Since we have wi1,...,in ≥ 1 for all ij ∈ N, 1 ≤ j ≤ n
and λ is in (0, 1), the quantity M is finite. We notice that, for any tuple (m1, . . . ,mn) of non-
negative integers, the identity R∗1
m1 · · ·R∗nmnWf = (V i1+m1−11 · · ·V in+mn−11 f) holds. Also one
can observe that WV m11 · · · V mnn f = (V i1+m1−11 · · ·V in+mn−11 f). It is worth noticing that here,
we actually use the commuting properties of the operators Ui’s. Therefore, one obtains that
R∗1
m1 · · ·R∗nmnWf =WV m11 · · ·V mnn f.. We readily see that for any polynomial P in n variables
P (R∗)Wf =WP (V)f, where R∗ := (R1∗, . . . , Rn∗) and V := (V1, . . . , Vn). We make use of this
to obtain the following inequality
‖WP (V)f‖ℓp(v,Lp(Ω,F,µ)) ≤ ‖P (R∗)‖ℓp(v,Lp(Ω,F,µ))→ℓp(v,Lp(Ω,F,µ))‖Wf‖ℓp(v,Lp(Ω,F,µ)).(2.1)
Henceforth, following (2.1) and (2.1), we observe that for any polynomial P in n variables, one
has the inequality ‖P (V)‖Lp(Ω,F,µ)→Lp(Ω,F,µ) ≤ ‖P (R∗)‖ℓp(v,Lp(Ω,F,µ))→ℓp(v,Lp(Ω,F,µ)). We take λ
arbitrarily close to one to obtain ‖P (U)‖Lp(Ω,F,µ)→Lp(Ω,F,µ) ≤ ‖P (R∗)‖ℓp(v,Lp(Ω,F,µ))→ℓp(v,Lp(Ω,F,µ)).
Next we show that ‖P (R∗)‖ℓp(v,Lp(Ω,F,µ))→ℓp(v,Lp(Ω,F,µ)) = ‖P (R)‖ℓp(w,Nn)→ℓp(w,Nn). Hence we
choose F = (fi1,...,in) in ℓ
p′(w,Lp
′
(Ω,F, µ)) and G = (gi1,...,in), where P (R)F = G. We have the
following observation
‖P (R)F‖p′
ℓp′ (w,Lp′(Ω,F,µ))
= ‖P (R)‖p′
ℓp′ (w,Nn)→ℓp′(w,Nn)‖F‖
p′
ℓp′ (w,Lp′(Ω,F,µ))
.
Thus we conclude that ‖P (R)‖p′
ℓp′ (w,Lp′(Ω,F,µ))→ℓp′(w,Lp′(Ω,F,µ)) ≤ ‖P (R)‖
p′
ℓp′ (w,Nn)→ℓp′(w,Nn). Again
let us consider an element h in Lp
′
(Ω,F, µ)) with ‖h‖Lp′ (Ω,F,µ)) to be one. Suppose C = (ci1,...,in)
is a sequence indexed by Nn and define hi1,...,in = ci1,...,inh. Hence if we define H = (hi1,...,in), we
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have ‖H‖ℓp′ (w,Lp′(Ω,F,µ)) = ‖C‖ℓp′ (w,Nn) and ‖P (R)H‖p
′
ℓp′ (w,Lp′(Ω,F,µ))
= ‖P (R)C‖p′
ℓp′ (w,Nn)
. There-
fore we obtain the inequality ‖P (R)‖p′
ℓp′ (w,Lp′(Ω,F,µ))→ℓp′(w,Lp′(Ω,F,µ)) ≥ ‖P (R)‖
p′
ℓp′ (w,Nn)→ℓp′(w,Nn).
Using duality, one can immediately notice that
‖P (R)‖ℓp′ (w,Nn)→ℓp′(w,Nn) = ‖P (R∗)‖ℓp(w,Nn)→ℓp(w,Nn).
Also, it is not hard to observe that
‖P (R)‖ℓp(w,Nn)→ℓp(w,Nn) = ‖P (S)‖ℓp(w,Nn)→ℓp(w,Nn).
This completes the proof of the theorem. 
Remark 2.2. From the above theorem, it trivially follows that any commuting n tuple of isome-
tries (not necessarily onto) has n-Matsaev property.
Motivated by [AR13], we have the following generalization for general Banach spaces. The
proof follows as in [AR13] with necessary modifications as done in the previous theorem.
Theorem 2.3. Let 1 ≤ p ≤ ∞ and X be a Banach space. Suppose T = (T1, . . . , Tn) is a
commuting tuple of isometries on X. Then for any polynomial P in n-variables, we have the
following inequality ‖P (T)‖X→X ≤ ‖P‖p,X .
2.1. Faliure of the multivariate Matsaev’s conjecture. In this subsection, we prove that
the multivariate analogue of Matsaev’s conjecture fails for all 1 < p < ∞. Our construction
uses explicit examples which were constructed in [GAMS15]. For any set I, denote #I to be the
cardinality of I.
Lemma 2.4. [PI89] Let 1 < p <∞. then for every n ≥ 1, there exists a subspace En of Lp([0, 1])
such that En is isometrically isomorphic to ℓ
n
2 and the projection map Pn : L
p([0, 1]) → En ⊆
Lp([0, 1]) has the property that
‖Pn‖Lp([0,1])→Lp([0,1]) ≤
{
(E|G|p) 1p , 2 ≤ p <∞
(E|G|p′) 1p′ , 1 < p < 2.
(2.2)
Proof of Theorem 1.5 :
Proof. We fix k ≥ 3, n ∈ N. Let H be a finite dimensional Hilbert space with the following
orthonormal basis:
e;
e(j1, . . . , jm) 0 ≤ k ≤ m− 2 and 1 ≤ j1 ≤ j2 ≤ · · · ≤ jm ≤ n;
fi 1 ≤ i ≤ n;
g.
Let us choose a partial Steiner system Sp(k − 1, k, n) (see [GAMS15] for notations). Given any
subset {i1, . . . , ir}, {i1, . . . , ir}∗ denotes the non-decreasing rearrangement. Following [GAMS15],
for 1 ≤ l ≤ n, we define the operator Tl ∈ B(H) as
Tle = e(l);
Tle(j1, . . . , jm) = e({l, j1, . . . , jm}∗) 0 ≤ k < m− 2;
Tle(j1, . . . , jk−2) =
∑
i γ{i,l,j1,...,jk−2}fi;
Tl(fi) = δlig;
Tlg = 0,
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where γ is defined as
γ{i1,i2,...,ik} :=
{
c{i1,i2,...,ik}, {i1, i2, . . . , ik} ∈ Sp(k − 1, k, n);
0, otherwise
Then T = (T1, . . . , Tn) is a commuting n-tuple of contractions [GAMS15]. Consider the homoge-
neous polynomial of degree k in n-variables, P (z1, . . . , zn) =
∑
{i1,...,ik}∈Sp(k−1,k,n) ci1,...,ikzi1 . . . zik ,
ci1,...,ik ∈ {1,−1}. It has been proved in [GAMS15] that ‖P (T)‖H→H ≥ #Sp(k − 1, k, n). By
Lemma 2.4, we can viewH as a complemented subspace of Lp([0, 1]).We write Lp([0, 1]) = H⊕F.
Define T˜i(x⊕y) := T (x)⊕0, x ∈ H, y ∈ F. Clearly, ‖T˜i‖Lp([0,1])→Lp([0,1]) ≤ (E|G|p′)
1
p′ . Therefore,
Si := T˜i(E|G|p′)−
1
p′ is a contraction on Lp([0, 1]). Also, (S1, . . . , Sn) is again a commuting tuple.
By complex interpolation and Kahane-Salem-Zygmund theorem [KA93]( Chapter 6), we can
choose the coefficients of the polynomial P in such a way that we have
‖P (S)‖Lp([0,1])→Lp([0,1])
‖P‖Mp(Zn)
≥ (E|G|
p′)
−k
p′ #Sp(k − 1, k, n)
#Sp(k − 1, k, n)−1+
2
p (D
√
n log k#Sp(k − 1, k, n))2(1−
1
p
)
=
(E|G|p′)−kp #Sp(k − 1, k, n)
1− 1
p
(D
√
n log k)
2(1− 1
p
)
,
where D is an absolute constant less than 8. As, one can always choose a partial Steiner system
Sp(k − 1, k, n) such that #Sp(k − 1, k, n) ≥ (
n
k−1)
k (1− o(1)) (See[GAMS15], we are done. 
For any n× n complex matrix A := ((aij)), define PA , as PA(z1, . . . , zn) =∑ni,j=1 aijzizj . Let
P be the following polynomial
P (z1, . . . , zn) = a0 +
n∑
j=1
ajzj +
n∑
j,k=1
ajkzjzk
with ajk = akj for all j, k = 1, . . . , n. Corresponding to P, one can associate the following
(n+ 1)× (n+ 1) symmetric complex matrix
A(P ) =

a0
1
2a1
1
2a2 · · · 12an
1
2a1 a11 a12 · · · a1n
1
2a2 a12 a22 · · · a2n
...
...
...
...
1
2an a1n a2n · · · ann
 .(2.3)
Let H be a separable Hilbert space and {ej}j∈N be a orthonormal basis of H. For any x ∈ H,
let us define x♯ : H → C by x♯(y) =∑j xjyj, where x =∑j xjej and y =∑j yjej . For x, y ∈ H,
we set
[
x♯, y
]
= x♯(y). Let H♯ := {x♯ : x ∈ H} . Let H♯ be equipped with the operator norm.
The map φ : H → H♯ defined by φ(x) = x♯ is a linear onto isometry, where H♯ is equipped with
the operator norm.
Definition 2.5 (Varopoulos Operator). [[GU15]] Let H be a separable Hilbert space. For
x, y ∈ H, define Tx,y : C⊕H⊕ C→ C⊕H⊕ C by
Tx,y =
 0 x♯ 00 0 y
0 0 0
 .
The operator Tx,y will be called Varopoulos operator corresponding to the pair of vectors x, y.
If x = y then Tx,y will simply be denoted by Tx.
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Proof of Theorem 1.6:
Proof. To prove the theorem, we need the Reeds-Fishburn matrices which were used in the
beginning of Section 3. in [GUR16] to produce a large clas of concrete examples for which
von Neumann inequality fails. For l = k(k − 1), define Fk = {v1, . . . , vk(k−1)}, the set of all
k-dimensional vectors with two non-zero components, either 1 and 1 or 1 and −1, appearing in
that order. Define a real l× l non-negative definite matrix Ak = (aij)1≤i,j≤l as aij = 〈vi, vj〉. It
has been proved in [FIR94] that
sup
‖Xi‖2=1
l∑
i,j=1
aij〈Xi,Xj〉 = 2k(k − 1)2 and sup
ωi∈{1,−1}
l∑
i,j=1
aijωiωj =
2k(k − 1)(2k − 1)
3
.
A careful counting argument gives us
∑l
i,j=1 |ai,j| = 2k(k − 1)(2k − 3). Let us consider the
polynomial PAk(z1, . . . , zl) =
∑l
i,j=1 aijzizj to be the Reeds-Fishburn polynomial of order l,
where (aij)
l
i,j=1 is the Reeds-Fishburn matrix of order l. By Riesz-Thorin complex interpolation,
we obtain
‖PAk‖Mp(Zl) ≤ (2k(k − 1)(2k − 3))
1− 2
p′
(2k(k − 1)(2k − 1)
3
) 2
p′ .
Therefore, for this class of polynomials, we have
(2.4)
sup‖Xi‖2=1
∑l
i,j=1 aij〈Xi,Xj〉
‖PAk‖Mp(Zl)
≥ 2k(k − 1)
2
(2k(k − 1)(2k − 3))1− 2p′ (2k(k−1)(2k−1)3 ) 2p′ .
If we consider, the commuting tuple of Varopoulos operators TX = {TXi : 1 ≤ i ≤ l}, where
Xi’s are real ℓ
2-unit vectors. We can immediately see that
sup
‖Xi‖2=1
‖PAk(TX)‖ = sup‖Xi‖2=1
l∑
i,j=1
aij〈Xi,Xj〉.
Therefore, by (2.4) we have an estimate (see [GU15])
‖PAk(TX)‖
‖PAk‖Mp(Zl)
≥ 2k(k − 1)
2
(2k(k − 1)(2k − 3))1− 2p′ (2k(k−1)(2k−1)3 ) 2p′ ,
which clearly goes to 129
p′ as k →∞. Therefore, we have
lim
k→∞
Cp(2, k(k − 1)) ≥ 1
2
9
1
p′
(
E|G|p′) 1p′
)−2
> 1.
This completes the proof of the theorem. 
Remark 2.6. Note that limp→2−
(
E|G|p′) 1p′
)−2
= 1. Therefore, there is a range of p for which
the above theorem holds true.
One can produce a family of examples for which Cp(2, 3) > 1 for a range of p ∈ (1, 2) by
employing the examples produced in [GUR16] in our situation.
Cp(2, 3) ≥

(
E|G|p′) 1p′
)−2
3−2α
(7+2α)
2
p′ (6+2|α|)1−
2
p′
, α ∈ (−1/2, 0)(
E|G|p′) 1p′
)−2 3−2α−1/α
(7+2α)
2
p′ (6+2|α|)1−
2
p′
, α ∈ [−1,−1/2](
E|G|p′) 1p′
)−2 3−2α−1/α
(3−2α)
2
p′ (6+2|α|)1−
2
p′
, α ∈ (−∞,−1).
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3. Generalization on non-commutative Lp spaces
In this section, we generalize the Matsaev’s conjecture in the set up of non-commutative
Lp-spaces. Our present section is motivated by [AR13].
Let M be a von Neumann algebra with a normal semifinite faithful trace τ . Then B(ℓ2I)⊗M
the von Neumann algebra tensor product. It is clear that Tr ⊗ τ becomes a normal semifinite
faithful trace on B(ℓ2I)⊗M . Also the algebraic tensor product SIp ⊗ Lp(M ) is dense in the
associated non-commutative Lp-space, Lp(B(ℓ2I)⊗M , T r ⊗ τ). To prove the next theorem, we
recall the basics of q-Fock space.
Let Sn be the permutation group over the set {1, . . . , n}. If σ ∈ Sn, we denote |σ| to be the
total number of inversions of σ, i.e. |σ| := #{(i, j) : σ(i) > σ(j), 1 ≤ i, j ≤ n}. Let H be a real
Hilbert space and HC, its complexification. If −1 ≤ q < 1, the q-Fock space over H is defined
to be
Fq(H) := Cv ⊕
⊕
n≥1
H⊗n
C
,
with a sesquilinear form defined as
〈h1 ⊗ · · · ⊗ hn, k1 ⊗ · · · kn〉q :=
∑
σ∈Sn
q|σ|〈h1, kσ(1)〉HC · · · 〈hn, kσ(n)〉HC ,
where the unit vector v is called the vacuum. Notice that for −1 < q < 1, the sesquilinear form
is actually strictly positive definite and defines an inner product on Fq(H) [BOS91], [BOKS97].
For q = −1, one needs to take quotient by the kernel of 〈, 〉q to get an inner product. In this
way, one obtains the antisymmetric Fock spaces. For e ∈ H, one defines the so called creation
operator l(e) : Fq(H)→ Fq(H) as
l(e)(h1 ⊗ · · · ⊗ hn) = e⊗ h1 ⊗ · · · ⊗ hn.
The creation operators satisfy the following q-relation
l(f)∗l(e)− ql(e)l(f)∗ = 〈f, e〉HIFq(H).
We denote w(e) : Fq(H)→ Fq(H) to be the operators w(e) = l(e) + l(e)∗. The q-von Neumann
algebra Γq(H) is the von Neumann algebra generated by {w(e) : e ∈ H}. It is a finite von
Neumann algebra with the trace τq(x) = 〈v, xv〉, where x ∈ Γq(H). For q = −1 the space
Γ−1(H) is called the Fermion algebra. In this case, it follows from the Wick formula that
τ(ω(e)ω(f)) = 〈e, f〉H [AR13]. Also ω(e)2 = IFq(H), ‖e‖H = 1. For notational simplicity, we
give the proof of Theorem 1.9 for two commuting unital completely positive Schur multipliers
(MA,MB) associated with real matrices A and B respectively.
Proof of Theorem 1.9
Proof. Since the operatorsMA andMB are completely positive on B(ℓ
2
I), one can define positive
symmetric bilinear forms 〈, 〉A and 〈, 〉B on the real linear span of ei, i ∈ I by 〈ei, ej〉A = aij and
〈ei, ej〉B = bij respectively. We denote by HA and HB the completion of the real pre-Hilbert
space obtained by taking quotient by the corresponding kernels of 〈, 〉A and 〈, 〉B respectively.
Let us denote [ei]A and [ei]B to be the equivalence classes corresponding to ei in HA and HB
respectively for i ∈ I. We consider the von Neumann algebra
M = B(ℓ2I)⊗
(⊗Z((Γ−1(HA), τA)⊗(Γ−1(HB), τB)))
equipped with trace τM = Tr ⊗ · · · ⊗ (τA ⊗ τB)⊗ · · · . We define the elements
d1 =
∑
i∈I
eii ⊗ · · · ⊗︸︷︷︸
0
(wA([ei]A)⊗ I)⊗ (I ⊗ I)⊗ · · · ,
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where w([ei]A)⊗ I is in the 0-th position. In a similar fashion define
d2 =
∑
j∈I
ejj ⊗ · · · ⊗︸︷︷︸
0
(I ⊗ wB([ej ]B))⊗ (I ⊗ I)⊗ · · · .
We have the normal faithful trace preserving conditional expectation operator E : M → B(ℓ2I)
as E = IB(ℓ2
I
)⊗· · ·⊗(τA⊗τB)⊗· · · . Again define the inclusion map J : B(ℓ2I)→ M as following
J(x) = x ⊗ · · · ⊗ (I ⊗ I) ⊗ · · · . Note that J is injective normal one to one ∗-homomorphism
which preserves trace. We define the following shift operators
S1 : ⊗Z((Γ−1(HA), τA)⊗(Γ−1(HB), τB))→
(⊗Z((Γ−1(HA), τA)⊗(Γ−1(HB), τB)
as S1(· · · ⊗ (x0 ⊗ y0) ⊗ (x1 ⊗ y1) ⊗ · · · ) = · · · ⊗ (x−1 ⊗ y0) ⊗ (x0 ⊗ y1) ⊗ · · · and similarly,
S2(· · · ⊗ (x0 ⊗ y0) ⊗ (x1 ⊗ y1) ⊗ · · · ) = · · · ⊗ (x0 ⊗ y−1) ⊗ (x1 ⊗ y0) ⊗ · · · . Again we define
the linear maps on M as Ui(y) = di((IB(ℓ2
I
) ⊗ Si)(y))di for i = 1, 2. Clearly (U1, U2) is a
commuting couple of unital normal one to one trace preserving ∗-homomorphism. To avoid
notational complexity, let us introduce the following notations WAij = wA([ei]A)wA([ej ]A) ⊗ I,
WBij = I ⊗ wB([ei]B)wB([ej ]B) and WA,Bij = wA([ei]A)wA([ej ]A) ⊗B ([ei]B)wB([ej ]B). We claim
that
(1) Uk1U
l
2(J(x)) =
∑
i,j xijeij⊗· · · ⊗︸︷︷︸
0
(WA,Bij )
⊗l⊗(WAij )⊗(k−l)⊗(I⊗I)⊗· · · , for all positive
integers k, l with k > l, where we denote x⊗l : x⊗ · · · ⊗ x︸ ︷︷ ︸
l
.
(2) Uk1U
l
2(J(x)) =
∑
i,j xijeij⊗· · · ⊗︸︷︷︸
0
(WA,Bij )
⊗k⊗(WBij )⊗(l−k)⊗(I⊗I)⊗· · · , for all integers
k, l with k < l.
(3) Uk1U
k
2 (J(x)) =
∑
i,j xijeij ⊗ · · · ⊗︸︷︷︸
0
(WA,Bij )
⊗k ⊗ (I ⊗ I)⊗ · · · , for all integers k.
We shall only prove (1). We proceed by induction. For k > l we have that the quantity
Uk+11 U
l
2(J(x)) is equal to the following
d1
((
IB(ℓ2
I
) ⊗ S1
)(∑
i,j
xijeij ⊗ · · · ⊗︸︷︷︸
0
(WA,Bij )
⊗l ⊗ (WAij )⊗(k−l) ⊗ (I ⊗ I)⊗ · · ·
))
d1
=
(∑
r∈I
err ⊗ · · · ⊗︸︷︷︸
0
(wA([er]A)⊗ I)⊗ (I ⊗ I)⊗ · · ·
)((
IB(ℓ2
I
) ⊗ S1
)
(∑
i,j
xijeij ⊗ · · · ⊗︸︷︷︸
0
(WA,Bij )
⊗l ⊗ (WAij )⊗(k−l) ⊗ (I ⊗ I)⊗ · · ·
))
(∑
s∈I
ess ⊗ · · · ⊗︸︷︷︸
0
(wA([es]A)⊗ I)⊗ (I ⊗ I)⊗ · · ·
)
=
∑
i,j,r,s
xijeijerress ⊗ · · · ⊗︸︷︷︸
0
(
(wA([er]A)wA([es]A)⊗ wB([ei]B)wB([ej ]B)
)
⊗
(
WA,Bij )
⊗l
⊗(WAij )⊗(k−l) ⊗ (I ⊗ I)⊗ · · ·
)
=
∑
i,j
xijeij ⊗ · · · ⊗︸︷︷︸
0
(WA,Bij )
⊗l ⊗ (WAij )⊗(k+1−l) ⊗ (I ⊗ I)⊗ · · · .
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For k > l, we observe the following
EUk1U
l
2J(x) =
(
IB(ℓ2
I
) ⊗ · · · ⊗ (τA ⊗ τB)⊗ · · ·
)
(∑
i,j
xijeij ⊗ · · · ⊗︸︷︷︸
0
(WA,Bij )
⊗l ⊗ (WAij )⊗(k−l) ⊗ (I ⊗ I)⊗ · · ·
)
=
∑
i,j
τA(ωA([ei]A)ωA([ej ]A))
kτB(ωB([ei]B)ωB([ej ]B))
lxijeij
=
∑
ij
(〈ei, ej〉A)k(〈ei, ej〉B)lxijeij
=
∑
ij
akijb
l
ijxijeij
= MkAM
l
B(x).
This completes the proof. 
We present for the proof of Theorem 1.11 only for two unital completely positive Fourier
(Mt,Ms) associated to real functions t, s : G→ R.
Proof of Theorem 1.11:
Proof. Since the maps Mt and Ms are completely postive, one can obtain real Hilbert spaces
ℓ2,t and ℓ2,s as constructed in [AR13]. For all g ∈ G, consider the unital ∗-automorphism
α(g) : Γ−1(ℓ2,t ⊗2 ℓ2Z)⊗Γ−1(ℓ2,s ⊗2 ℓ2Z)→ Γ−1(ℓ2,t ⊗2 ℓ2Z)⊗Γ−1(ℓ2,s ⊗2 ℓ2Z) defined as
α(g)(w(h ⊗ v)⊗ w˜(h˜⊗ v˜)) = w(gh ⊗ v)⊗ w˜(gh˜⊗ v˜).
From the dynamical system (Γ−1(ℓ2,t⊗2 ℓ2Z)⊗Γ−1(ℓ2,s⊗2 ℓ2Z), G, α) we define the crossed product
M = (Γ−1(ℓ2,t⊗2ℓ2Z)⊗Γ−1(ℓ2,s⊗2ℓ2Z))⋊αG.We can identify (Γ−1(ℓ2,t⊗2ℓ2Z)⊗Γ−1(ℓ2,s⊗2ℓ2Z)) as a
subalgebra of M . Let J be the canonical normal unital injective ∗-homomorphism VN(G)→ M
. We denote by τ and τ˜ the faithful finite normal traces on Γ−1(ℓ2,t ⊗2 ℓ2Z) and Γ−1(ℓ2,s ⊗2 ℓ2Z)
respectively. Let τMbe the canonical trace on M . For all x ∈ Γ−1(ℓ2,t ⊗2 ℓ2Z)⊗Γ−1(ℓ2,s ⊗2 ℓ2Z)
we have τM (xJ(λ(g))) = δg,eGτ ⊗ τ˜(x). We denote by E : M → VN(G) the canonical faithful
normal trace preserving conditional expectation. Define the following shift operators
S : Γ−1(ℓ2,t ⊗2 ℓ2Z)⊗Γ−1(ℓ2,s ⊗2 ℓ2Z)→ Γ−1(ℓ2,t ⊗2 ℓ2Z)⊗Γ−1(ℓ2,s ⊗2 ℓ2Z)
as S (w(h ⊗ en))⊗ y := (w(h ⊗ en+1))⊗ y and
S˜ : Γ−1(ℓ2,t ⊗2 ℓ2Z)⊗Γ−1(ℓ2,s ⊗2 ℓ2Z)→ Γ−1(ℓ2,t ⊗2 ℓ2Z)⊗Γ−1(ℓ2,s ⊗2 ℓ2Z)
as S (x⊗ w˜(h˜⊗ en) := x⊗ w˜(h˜⊗ en+1). Thereafter, define the following operators U : M → M
as
U(xλ(g)) = w(eG ⊗ e0)⊗ 1S (x)J(λ(g))w(eG ⊗ e0)⊗ 1
and U˜ : M → M as
U˜(xλ(g)) := 1⊗ w˜(eG ⊗ e0)S˜ (x)J(λ(g))1 ⊗ w˜(eG ⊗ e0).
It is easy to check that (U, U˜ ) is a commuting tuple of unital trace preserving ∗-automorphisms
of M . One can easily prove by induction that
UkU˜ lJ(λ(g)) = w(eG ⊗ e0)w(eG ⊗ e1) . . . w(eG ⊗ ek−1)w(g ⊗ ek−1) . . . w(g ⊗ e1)w(g ⊗ e0)
⊗w˜(eG ⊗ e0)w˜(eG ⊗ e1) . . . w˜(eG ⊗ el−1)w˜(g ⊗ el−1) . . . w˜(g ⊗ e1)w˜(g ⊗ e0)J(λ(g)).
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Let E : M → VN(G) be the conditional expectation operator. Then we have by above and
[AR13]
EUkU˜ lJ(λ(g)) = τ ⊗ τ˜
(
w(eG ⊗ e0)w(eG ⊗ e1) . . . w(eG ⊗ ek−1)w(g ⊗ ek−1) . . . w(g ⊗ e1)w(g ⊗ e0)
⊗w˜(eG ⊗ e0)w˜(eG ⊗ e1) . . . w˜(eG ⊗ el−1)w˜(g ⊗ el−1) . . . w˜(g ⊗ e1)w˜(g ⊗ e0)
)
λ(g)
= τ
(
w(eG ⊗ e0)w(eG ⊗ e1) . . . w(eG ⊗ ek−1)w(g ⊗ ek−1) . . . w(g ⊗ e1)w(g ⊗ e0)
)
τ˜
(
w˜(eG ⊗ e0)w˜(eG ⊗ e1) . . . w˜(eG ⊗ el−1)w˜(g ⊗ el−1) . . . w˜(g ⊗ e1)w˜(g ⊗ e0)
)
λ(g)
= (tg)
k(sg)
lλ(g)
= Mkt M
l
sλ(g).
Hence the theorem. 
The following theorem is a multivariate generalization proved in [AR13]. We provide the
proof for two variables for simplicity.
Theorem 3.1. Let (Tt,s)t,s≥0 be a two parameter w∗-semigroup of self adjoint unital completely
positive Schur multipliers on B(ℓ2I). Then there exists a hyperfinite von Neumann algebra M
equipped with a normal semifinite faithful trace, a w∗-semigroup (Ut,s)t,s≥0 of of unital trace pre-
serving ∗-automorphisms on M , a unital trace preserving one-to-one normal ∗-homomorphism
J : B(ℓ2I)→ M such that
Tt,s = EUt,sJ,
for all t, s ≥ 0, where E : M → B(ℓ2I) is the canonical faithful normal trace preserving condi-
tional expectation operator associated with J.
Proof. Note that (Tt,0)t≥0 is one parameter w∗-semigroup of self adjoint unital completely pos-
itive Schur multipliers on B(ℓ2I). Therefore (see [AR13]), there exists a real Hilbert space H1
and a sequence of vectors (αj)j∈I in H1 such that the Schur multiplier associated to the matrix(
e−t‖αj−αk‖H1
)
j,k∈I
is nothing but the operator Tt,0. Let µ1 be a Gaussian measure on H1 with
probability space Ω1, equipped with a measurable function w1 : Ω1 → H1 such that for all
h1 ∈ H1, we have
(3.1) e
−‖h1‖2H1 =
∫
Ω1
ei〈h1,w1(ω1)〉H1dµ1(ω1).
Similarly, for the semigroup (T0,s)s≥0 there exists a real Hilbert space H2 and vectors (βj)j∈I
in H2 such that the Schur multiplier associated to the matrix
(
e−s‖βj−βk‖H2
)
j,k∈I
is T0,s. Also
we have be a Gaussian measure µ2 on H2 with probability space Ω2, and a measurable function
w2 : Ω2 → H2 such that for all h2 ∈ H2, we have
(3.2) e
−‖h2‖2H2 =
∫
Ω2
ei〈h2,w2(ω2)〉H2dµ2(ω2).
Denote the von Neumann algebra M := L∞(Ω1 ×Ω2)⊗B(ℓ2I), with trace
∫
Ω1×Ω2 ⊗τM . Clearly,
M is a hyperfinite von Neumann algebra which is isometrically isomorphic to L∞(Ω1×Ω2, B(ℓ2I))
(see [AR13]). Define J : B(ℓ2I)→ M as Jx = 1⊗x. Note that J has all the required properties.
define the following two elements
(3.3) Dt(ω1) =
(
δj,ke
i
√
t〈h1,w1(ω1)〉H1
)
j,k∈I
, where t ≥ 0, ω1 ∈ Ω1
(3.4) Cs(ω2) =
(
δj,ke
i
√
s〈h2,w2(ω2)〉H2
)
j,k∈I
, where s ≥ 0, ω2 ∈ Ω2.
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Let us define a w∗-semigroup (Ut,s)t,s≥0 of of unital trace preserving ∗-automorphisms on M ,
as the following
(3.5) Ut,sf = DtCsfC
∗
sD
∗
t .
We notice the following
EUt,sJ(x) = EUt,s(1⊗ x)
=
∫
Ω1×Ω2
(
ei
√
t〈αj−αk ,w1(ω1)〉H1+i
√
s〈βj−βk,w2(ω2)〉H2xjk
)
j,k∈I
= Tt,s(x).
This completes the proof. 
Remark 3.2. Note that, one can easily prove a multivariate analogue of Corrolary 4.3, Corollary
4.5 and Corrolary 4.7 of [AR13]. Also, using Ando’s dilation theorem [AN63], Proposition 4.9
of [AR13] is true for two variables.
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